We follow the generalisation of exclusion statistics to infinite dimensional Hilbert space as envisaged in Phys. Rev. Lett. 72, 3629, 1994. We reproduce the third virial coefficients at leading order for single species of anionic gas and 2nd mixed virial coefficients for multicomponent anionic gas. We argue that this particular method can be useful in determining definition of mutual exclusion statistics. We demonstrate this by taking high temperature expansion of two particle partition function of well known systems and show that it follows Haldane's definition of exclusion statistics. We also discuss equilibrium particle distributions at thermodynamic limit.
I. INTRODUCTION
How the elementary particles in nature and collective excitations in physical systems interact and what is the statistics obeyed by them has always been a subject of interest and active research. It has been known that in 3 spatial dimension the elementary particles can only obey fermionic or bosonic statistics. In bosonic system a single particle quantum state can be occupied by arbitrary number of bosons, while no two identical fermions can occupy one and same quantum state by Pauli principle. But in recent years it has been recognized that particles with "fractional statistics" which is intermediate between bosons and fermions can exist in two-dimensional [1, 2] or in one-dimensional system [4, 5] . These exotic particles are named anyons whose statistics can be anything in between bosonic and fermionic statistics. The distribution function for N anyons is given by,
with α = 0 corresponding to boson and α = 1 for fermions and for anyons α can take any value in between 0 and 1. Now if one has a mixture of several species of anyons then mutual exclusion statistics may also happen due to non orthogonal localized states. In this situation single particle available states of one species 'i' can be changed due to the presence of particles of another species 'j'. F Haldane [4] defined the statistical interactions for such systems by the linear relation,
where ∆d i is the reduction of the available single particle states for 'i'th species. ∆N j is a set of allowed changes of the particle numbers of the species 'j'. α ij is the mutual exclusion statistics parameter between 'i'th and 'j'th species. In general α ij = α ji . The above definition allows us to write down the distribution function as follows,
where d ′ 1i is the effective dimension of the single particle Hilbert space for the 'i'th species and is given by, d
1i is dimension of the one particle Hilbert space for 'i'th species. Here [n i ] refers a particular distribution of different species of particle into total N particles such that N = n i . Following this definition thermodynamics of anyonic gas and other properties have been investigated which can be found in [6, 7] . In this article we would like to extend the procedure taken in [3] where the definition of fractional exclusion statistics has been extended to a system with infinite dimensional Hilbert spaces. In [3] it has been shown that the high temperature expansion(HTE) of the partition function enables to express the 2nd virial coefficients in terms of mutual exclusion statistical parameter. This method is quite novel in the sense that it gives us a first hand information about the dependency of partition function on the exclusion statistical parameters, without going into the details of calculation of partition function. By a straight forward generalisation of the method shown in [3] , we find that the mixed virial co-eficients is determined by the mutual exclusion statistics parameters α ij and α ji . We also reproduce the third virial coefficients at leading order. Moreover we argue that this particular procedure can show how the mutual exclusion statistics works among different species of anyons. This is quite relevance as contrary to the original definition proposed by Haldane, it has been conjectured in [13] that mutual exclusion statistical interaction works in a different way. According to [13] , equation (2) defining mutual exclusion statistical interaction should be read as follows,
which states the reduction of the single particle states of species 'i' due to the change of particle ∆N j of species 'j' is proportional to the dimension of single particles states of species 'i'. We believe that the pedagogical procedure taken here can help to understand how mutual exclusion statistics works among different species of anyons. We follow the following outline in presenting this work. In section 2, we will give a brief account of the main idea in reference [3] to establish a connection between the high temperature expansion of the partition function and the regulated definition of partition function obtained from the distribution function. We will generalise the above mentioned method to multispecies of anionic gases. Further we show that it can be extended to higher order and reproduce the third virial coefficients which matches well with the exact results obtained in [9] at leading order. In section 3, we discuss how one can determine the definition of exclusion statistics using this particular method. We discuss the two particle partition function of two simple physical systems and show that this method reaffirms the definition of mutual exclusion statistics as stated by Haldane [4] . On the basis of the results obtained in section 3 and 4, we discuss the equilibrium particle distribution in thermodynamic limit obtained from the definition (2) and (4). In section 5 we summarize our results.
II. HIGH TEMPERATURE LIMIT AND VIRIAL COEFFICIENTS
Here we wish to find a correspondence between the high temperature expansion of the partition function and the distribution function in the thermodynamic limit. When the dimension of the Hilbert space is infinite then in the high temperature limit one can replace the distribution function by the corresponding partition function, as mentioned in [3] . Let us write down the distribution function for a single species for anyonic gas,
In the above expression 'd' represents the single particle dimension and 'α' is the exclusion statistical parameter. For Bose system one have α = 0 and for fermion we have α = 1. If one rewrite the equation ( 5) in the descending power of d n , one obtains,
Where one can easily find the coefficients σ N,i . They are in general polynomial of various order of 'α'. One sees that the above equation contains information of the dependency on 'α' at various order of 1/d. We wish to exploit this in the following. At first order it has been shown in [3] , that it yields correct dependency of 2nd virial coefficients on 'α'. At the limit d → ∞ we can write from (6), at first order,
Now let us write the regulated definition of the Hilbert space by the corresponding N-particle partition function as we have,
where β is the inverse temperature and H N denotes the N-particle Hamiltonian. Therefore we can write from (7) and (8),
Here 'C' is an overall constant which is found to be 2 ds where d s is spatial dimension. From now on we will focus on 2 dimension and work in Harmonic oscillator confinement. Now we see that r.h.s of the above equation depends on 'N'. In [3] , it has been shown that the r.h.s is actually related to case N = 2. Keeping in mind that for N = 2, r.h.s reduces to 2nd
) we get, following [3] ,
Now let us briefly discuss the multispecies genaralisation of this. It is easy to find that from the distribution function (3), we can write similar to equation (7),
where S i = i =j n j α ij . Now using the same procedure to arrive at equation (9) from (7), and using (7) for each species we get(in Appendix we give a detail derivation of the following equation),
The r.h.s is nothing but four times the mixed 2nd virial coefficients [9] . The above equation
relates the mutual exclusion statistics parameter α ab with the two particle partition function Z 1a,1 b . This has also been found earlier in [7] in a different way. If 'a' type and 'b' type particles are statistically independent then Z ab = Z 2 1 and then α ab + α ba is zero which tells that α ab and α ba both should be zero. It could also be possible that α ab = −α ba = p, where p is a constant, as referred in [17] , and in [18] . It is important to note that it is the combination (α ab + α ba ) which appears together in Eq. (12) . However to get an unique expressions for individual parameter α ab and α ba , we need to go to next order to calculate the third virial coefficients which is given in terms of 3 particle partition function and solve for α ab and α ba . To go the higher order we notice, keeping in mind σ 0 ∼ 1/2 − α, the high temperature expansion is equivalents to keeping only the first term of the following approximate equation for the N-particle partition function obtained from the distribution function (6) .
where Z N represents the 'N' particle partition function and z 1 is the single particle partition function. C i 's are the coefficients which is to be found to get the approximate expressions for Z N at various order 'i'. At first approximation we get C 1 = 4 and neglect all other term in the r.h.s. Without going to the general derivation for C 2 , we focus on just two particle and three particle partition function in the harmonic well potential. Then we get the value of C 2 = 1/9. The significance of number 9 = 3 2 , is that it denotes a states where 3 particles are in the same energy level. Then we can write the general expression for 2 particle and 3 particle partition function for a single species of anyonic,
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Let us write down the expression for cluster coefficients (b l ) and virial coefficients a l following
+ terms with coefficients 1 z
We see that at leading order this procedure reproduces the exact results obtained in [7] . To get the higher order virial coefficients at leading order, we should keep track of all the sub leading terms of the lowest order virial coefficients. The sole purpose of the above exercise was to show that HTE of the partition function may be taken as a reliable method to extract the leading order dependency of the cluster and virial co-efficient as well. Also we see that the expansion of partition functions in terms of the single particle partition function contains important information regarding how exclusion statistics works. At various order it depends on exclusion statistical parameters in a specific way which can be utilized further.
In the next section we will elaborate on this to show that it might help to understand how exclusion statistics works among different species of anyons.
III. HTE AND TWO PARTICLE PARTITION FUNCTION
In this section we wish to discuss about the definition of exclusion statistics and from the conclusion of preceeding section we argue that HTE of partition function may be a reliable method to understand it better. In a mixture of anyons of different species one can think of the effect of the exclusion statistics as a reduction of single particle dimension due to the presence of particle of other species. But how this single particle reduction happens is an important issue. F D Haldane [4] defined this reduction as given by (2) which yields the distribution function (3). We know that particles in a magnetic field in LLL obeys the definition (2) . For this reason we will present two particle partition function where each particle belongs to different anyonic species and show by HTE that indeed it follows defining equation (2). Secondly we will take composite anions where each anion is attached with a different charge and flux tube [15] . It has been argued that [4] such free anyons do not obey the distribution function (3). However when we confine such particles in a harmonic oscillator potential it indeed obeys the defining equation (2) and (3), at lowest order. In ref [13] , it has been argued that the definition (2) and the distribution function which follows this definition leads to an ambiguous equlibrium particle distribution in thermodynamic limit which is surely not desirable. This has been resulted to conjecture a new definition of mutual exclusion statistics given by (4) which defers from the definition given in equation (2) . This definition has also been analytically derived in [14] in the context of multispecies generalisation of Colagero-Sutherland Model(CSM) [16] . Now the consequences of these two definition will be manifested in the distrubution function of two particle where each particle belongs to different species '1' and '2'. Let us write down the two different distribution function in two particle case as mentioned.
Here we have assumed that both the definition follows the same kind of combinatorial distribution 3. Now let us approximate equation (19) and (20) by their corresponding partition function at appropriate limit following section 2. We get the following expressions at appropriate limit,
Now we see clearly that two different definition may be compared by the expression of the two particle partition function and their leading order dependencies on the single particle partition function. Now let us consider a physical system where fractional exclusion statistics can be realized. We have already mentioned that particle in LLL under the magnetic field obeys fractional statistics. We take the 'symmetric' case α 12 = α 21 and the case where single particle dimension is same for each species without loss of generality. Two particle partition function in LLL is given by [9, 10] ,
Herew = w t − w c , w t = w 2 + w 2 c . 'w' is the harmonic oscillator frequency and w c is the cyclotron frequency. We assumew ∼ w, so that w c << w. Now we can expand the right hand side in the limit β → 0 and expand in the power of z 1 ∼ 1 βw to get the following expression,
We see that it follows closely the definition given by Haldane. Now we will show another example as described below. The model for a describing anyons follows [15] . One imagines that each anyon is a composite object of point charge and flux in the units of 'e' and 'φ 0 ', where 'e' and φ 0 denotes the electronic charge and the magnetic flux quanta. Then a particular species of anyon is described by the amount of charge αe and βφ 0 it carries. Different anyonic species are distinguished by the pair α and β. They can be anything in general. In the symmetric case which demands α 1 β 2 = α 2 β 1 one can easily solve for the two particle Hamiltonian in harmonic oscillator confinement. In this case the Hamiltonian gets separated into center of mass system and a relative particle coordinate system. Then one finds the following expressions for the center of mass partition function,
The relative particle partition function is given by,
In calculating the partition function we have taken into account all values of 'l' even and odd, so α 12 should vary from '0' to '2'. Now the two particle partition function Z 2 = Z cm Z rel , at the high temperature limits turns out to be,
Now we comparing with equation (21) and (22), we find it has a close connection with equation (21). The difference may be due to the reason that we have not worked in the LLL in the presence of magnetic field. This might suggests many important aspect to think of. It might quite be possible that the particular procedure taken here is not sufficient or the distribution function is quite different for the exclusion statistical defined by equation 4. Also it is pertinent to mention that here we are concerning about 2 particle case which is not thermodynamic limit. But then question arises whether exclusion statistics works in a different manner when going from few particle case to many particle case in thermodynamic limit. It may also happen that conjecture in ref [13] is satisfied by certain class of anionic species but not the example taken here. In that case it is a very important findings and may indicate that exclusion statistics works in a different way than what we are used to think.
IV. ON THE EQUILIBRIUM PARTICLE DISTRIBUTION IN THE THERMODYNAMIC LIMIT
Now we wish to discuss the equilibrium particle distribution obtained from the two definition (2) and (4). From the definition (2) and the distribution function (3) we get the following coupled equations for the equilibrium particle distributions [7] .
Here n i = N i /G i , is the equilibrium particle density for the 'i'th species. N i is the total number of particle that belong to the same species and G i is the corresponding dimension of the single particle Hilbert space. We need to solve these coupled equation for every 'i'. If we look at the second equation we see a dependency on the dimensions of the Hilbert space which implies that if one changes the dimension of one species a redistribution of equilibrium particle density happens among different species which is not desirable. Now let us write down the equilibrium particle distribution from the definition of (4), which is given by [13] ,
Still here we find a dependency of the equilibrium population number on the dimension of the Hilbert space of each species. But the equation (30) can be converted to an appropriate integrals. In ref [13] it has been argued that the equation (28) and (29) leads to an ambiguous determination of equilibrium population number. In that study a system of two species of anion has been considered. Let N 1 and N 2 are the number of anions belonging to the species '1' and '2'. Then the species of '2' has been conceived as a union of two groups lets say N 2a and N 2b such that N 2 = N 2a + N 2b . The original system is thought of a system of three species with mutual exclusion statistical parameter between every two species. Then if one compares the original set of equations with the new set of equations it leads to inconsistencies as far as equilibrium population density is concerned. One can recall that the above procedure is a reminiscent of the so called 'Gibbs Paradox' [8] . In the spirit of 'Gibbs Paradox' we can think of dividing the original system into two subsystem with particle
in each subsystem separated from each other. This can be achieved by a completely 'reversible' process and thus thermodynamically giving same limit. Then it is easy to check that the system of equation (28) and (28) does not lead inconsistencies. This is due to the following reason. The equilibrium density n 1 = N 1 /G 1 remains unchanged also the ratio G 1 /G 2 remains unchanged for each subsystem and in the full system after each subsystem are adiabatically merged. But if we apply this simple idea to equation (30), we find that in equation (30) n j remains same for each subsystem but in the r.h.s. of equation (30), we get G j /2 instead of G j which is different from the parent equation. We can not get back the original equation from this two daughter equation. The main objective is to emphasis that it is a very important issue as mentioned in [13] and should get due attention. If there is any two anyonic species which follows the definition (4), the two particle partition function should reveal more information when appropriately expanded in terms of the single particle partition function. Now taking lessons from [13] we wish to consider a 'hypothetical' situation which interpolates these two definitions. Let us assume that there are a class of anyons which obey the following definition given by,
Where 'd j ' is the single particle dimension of the species 'j' and α ij is the mutual exclusion statistics parameter between the species 'i' and 'j'. The equilibrium particle distribution obtained from it is given by,
We need to solve this coupled equation for every species 'i'. Now still we have a volume dependency on the equilibrium particle distribution as w k is determined by the equation (32). But the effect of it is to renormalize the n k in a trivial manner as can be seen from the above equation (33). The equilibrium particle distribution does not undergo much redistribution if the dimension of single particle states is changed. We wish to mention that for the moment it is just a speculation. The above system of equation reduces to those of (28) and (29) for a single component anionic gas thus recovering well known distribution function for Bose and Fermi system. Besides this trivial limit it might be important to consider the following situation. Let us imagine that in addition to the condition N i << G j for every pair we have one anyonic species 'k' for which G k >> G i , i = k. Then for the species 'k', the effect of exclusion statistics would be minimal and its equilibrium particle population should be closely related to its original particle population before mixing with other species of anyons. Now from equation (32), we find that in the r.h.s we can neglect all other term except the term i=k , and we have,
The above equation is nothing but the equation for the equilibrium population for the 'k'th species only. Then from equation (33), we clearly see that n k is determined by its original distribution multiplied by a modulating factor (1 − i =k α ki n i ). It is also to be noted that if we consider a two particle system each belonging to different species with Hilbert dimension d 1 and d 2 respectively, we get the following distribution for a symmetric matrix α 12 = α 21 .
In the above equation 2nd line is nothing but the distribution function obtained from Haldane's definition. It remains to see whether there is any physical system which obeys the mutual fractional statistics defined by equation (31).
V. DISCUSSION
In the present work we have followed generalisations of the definition of exclusion statistics to infinite dimensional Hilbert as first conceived in [3] . We have reproduced the earlier results [9] that mixed 2nd virial coefficients is determined by the mutual exclusion statistics parameter. We reproduced third virial coefficients at leading order. We have shown that this particular method can help us understanding mutual exclusion statistics works by concentrating on two particle partition function. We have reestablished the well known results of particles in LLL in magnetic field and anions attached with charge and flux tube in a harmonic oscillator potential. Though we have worked with system confined in a harmonic well potential, we believe the procedure taken here may be extended in other physical system and two particle partition function contains the information how mutual exclusion statistics works among anions. We have shown that the mutual exclusion statistics follows the definition by F Haldane [4] , in contrary to what has been conjectured in [13] . However it might quite be possible that the particular example taken in [14] in view of the conjecture in [13] is an exception or the particular method taken here to establish the definition of mutual statistics is not sufficient. Later we show that the dependency of the equilibrium population resulting from the definition followed in [4] and [13] can be further minimized by a hypothetical definition given in equation (31). Though we have not found any realization of this definition it would be interesting to see if there are any.
Here we give a detail derivation of equation (12) . Taking the limit β → 0 we get from Eq. (11),
where Z 1 is the single particle partition function(Z 1 = e −βw
(1−e βw ) 2 ) and Z [n i ] is the 'N' particle partition function for a given distribution [n i ] among the 'm' different species. The constant 'C' is an overall constant of proportionality. The value of 'C' is 4 for a system confined in harmonic potential in two dimension [3] . The following high temperature expansion of N particle partition function in Harmonic oscillator confinement has been used in [3] ,
Here Z N is the N particle partition function. Generalising this for multispecies system, we write the following high temperature expansion for the factor Z 
where
N . Now Eq. (37), (39), and (40) gives,
For our purpose to determine the mutual exclusion statistics parameter g ij it is sufficient to consider a system having two species,i and j. From now on we would call these species as 'a' and 'b'. Then the above equation would be,
Which reduces to , 
where z a = e −βµa , z b = e −βµ b . µ a and µ b are the chemical potential of the 'a' type and 'b' type of anion respectively. z a and z b are the respective fugacity parameter. The equation of the state of the system in the fugacity expansion may be written as [8] 
